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1. Introduction. Let G be a planar graph, drawn in the plane so that its outer boundary is a ¿-cycle. Suppose the Four-Color-Conjecture (4CC) is true.
As we run through all possible 4-colorings of the vertices of G the colorings of the points of the boundary of G (t9G) run through a subset of the 4-colorings of the bounding ¿-cycle. This subset of the set of colorings of (9G which can be extended to the full graph G we shall refer to as the set of "admissible" colorings of dC.
Let <p denote the number of admissible boundary colorings of G (note that ip depends upon the face F which we choose to draw as the infinite face as well as on the abstract graph G; we suppose the choice of F is fixed). Evidently ip cannot exceed the number of 4-colorings of a ¿-cycle, and so if the 4CC is true we have the two-sided inequality
(1) o<é<lk + {-l)k ■ A
We may now concisely state the goals of this paper: to improve the left-hand inequality in (1) and to investigate the possibility of the " = " sign on the right side. This entire paragraph will be abbreviated, in this paper, by the statement ÍABACD; BD; 25) =» ABCAD or ABACB. there must be at least four elements from Sc hence at least 8 elements in 5.
The remaining cases are straightforward though some are more complex than the above.
The complete proof including the derivation of Appendix 3 has been deposited in the mathematics library of the University of Pennsylvania.
We conclude this section with the simple Lemma 4. The graph G shown in Figure 2 below is t.r.
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Definition. An annulus G, ; consists of two disjoint cycles of k and / vertices (k, I > 3) with the ze-cycle drawn exterior to the /-cycle and with a maximum number of nonintersecting edges connecting the two cycles.
In clockwise order we denote the vertices of the /-cycle by u:, • • • , ", and the vertices of the ze-cycle by v., • • ■ , v.. We remark that an annulus contains 2k + 2/ edges. Figure 4 shows a G64- Figure 4 License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
As promised we shall investigate the structure of t.r. annuli.
Lemma 6. // G,. is an annulus and degfo.) > 6, then G,. is not t.r. Lemma 11. Suppose G,. is an annulus with degiu.) < 6 for i = 1, • -• , /.
// deg (zz.) = deg (zz.) = 5 implies that there is at least one vertex u, with i < I < j such that degiu.) = 3; then G, , is t.r. for all 1 < i < j, f < I, / + 3 = ¿ + 1, and j is odd; then G, , is t.r. 
